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Complex Numbers

MATHEMATICS For IIT / JEE

® Definitions of Complex Numbers and its position in number :

Deffinitions : An expression of the form (a + ib), where @ and b are both real and = ,/_1 1scalled

a complex number. Where 7 is called iota. Here the sign “+” does not indicate addition as usually
understood. It is a mare symbol.

The real part of the complex number (o + i8) is a and is written as Re(a + ib), while its imaginary part
is b and is written as Im (a + ib). A complex number is usually denoted by z.

If & = 0, then the complex number (a + ib) becomes ib, which is purely imaginary. If 5 = 0, then the
complex number (¢ + i6) becomes purely real. If both @ = 0 and & = 0, then the complex number
becomes zero. Hence the real numbers are particular cases of complex numbers.

If the real parts of two complex numbers be the same and their imaginary parts be same but of
opposite signs, then the two numbers are said to be complex conjugate numbers. Thus (a + i6) and
(a — ib) are complex conjugate numbers. If z be a complex number (& + ib), then its conjugate (o — ib)
is denoted by z . It is evident that conjugate of z is z.

A complex number z = @ + ik may also be written as (o, ) (ordered pair of real numbers a and 5).

(i (a,b)=(c,d)ifandonlyifa=cand b=d
w (@, )+, d=(@+c, b+td) (1) (a,b),(c,d) = (ac— bd, ad+ bc),

where (c, d) is another complex number.

The first component @ of the complex number (a, ) is its real part, while the second component b is
its imaginary part.

Thus the complex number (a, 0) is purely real, (0, ») is purely imaginary and (0, 1) is the fundamental
imaginary unit.

It is observed that the two conventions @ + 6 and (a, b) are equvalent, if we simply replace # by
(—1) where necessary.

® Properties of complex numbers :
(a) fa+ih=0,a and b beingreal, thena=0and b=0.(b)Ifa+ib=c+id thena=cand b =d.

|Concept Illustrator )

Qu.
Sol.

If x, y are real and x+ 7y =—i(—-2+3i), find x and y.

X+iy=2i-3i"=2+3 or,x=3, y=2

Note Inequality relation does not hold good in case of complex numbers having non-zero imaginary

parts. For example, the statement 34 2; - 7+ 5; makes no sense.

(c) The algebraic sum, difference, product or ratio of two complex numbers is a complex number.

(d) The sum and the product of two conjugate complex numbers are both real. y
® Argand Plane and Geometrical Representation of Complex Numbers : °p (; 3)’
Let O be the origin and Ox, Oy be the x-axis and y-axis respectively ] y
X

Then, any complex number z = x+ iy ={.x,y) may be represented by * M

a unique point P whose coordinates are (x, y). The representation of
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complex numbers as point in a plane forms as Argand diagram.
The plane on which complex numbers are represented is known as
the complex plane or Argand's plane or gaussion plane.

x-axis is called then real axis and y-axis the imaginary axis.

The complex number z=x+ 1y is known as the affix of the

point (x, ) which it represents.

® Modulus of Complex Number :

Letz=x+#, xy<R(y+0) bea complex number. R

The length of the line segment OF is called the modulus . P, 3)

',‘—}\:
A
L

of z and is denoted by |z| Fig. (a), we have op? — oas? 4 pp?

2OP2:x2+y2:> OP:\f'x2+y2.
z|: Nra +y2 :\/{Re(z)}2+{lm(z)}2

|Concept Illustrator )

s If z=1++ then |z|:\4f12+12 -2

¥

(1, 1)
f’
& 1
x'e 5 X
Ol 1 M

Thus,

y
z=1+i
% If z——1+i then |z|:\/(—1)2+12 -2
¥

M

(71: 1)

&,
1 %

&

x'e

-1 (O

]

¥y
z=-1+i

@ If z=_-1-; tgen |Z|:\ﬂ(—1)2+(—1)2 :\E
n
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\/
0.0

(@)

If z=1—/ then |Z|:1/12+(—1)2 :\E
¥

\

X€ >X

2 -1
o
SN

v _
)¢ (1, -1)

z=1—i

Certesian representation of complex numbers, their modulus and amplitude :

Cartesian Form (Geometric Representation) : To each complex number there corresponds one

and only one point in plane, and conversely to each point in theh plane _ _
Imaginary axis

there corresponds one and only one complex number. Because of this Pix, v)
we often refer to the complex number z as the point z.
-
Every complex number z=x+ iy can be represented by a point on
. . (e] .
Cartesian jplane known as complex plane (Argand diagram) by the O real axis

ordered pair (x, y).

Length OF is called modulus of the complex number which is denoted by |z| & 6 is called the
argument of amplitude.

|z|= x*+y* and tan®— [ij (angle made by OP with positive x-axis)
x

G

(i1)

(1)

Argument of a complex number is a many valued function. If g is the argument of a complex
number then 2nm+0; ne [ will also be the argument of that complex number. Any two consecutive
arguments of a complex number differ by 2xm.

The unique value of ¢ such that —5 < 9 < 5 is called the principal value of the argument. Unless
otherwise stated, amp z implies principal value of the argument.

By specifying the modulus & argument a complex number is defined completely. For the complex
number (+ (); the argument is not defined and this is the only complex number which is only given
by its modulus.

The argument of 7 depends upon the quadrant in which the point P lies as discussed below :

Plx, y)
(1) z =x+ v, z lies in first quadrant (x> 0 and y > 0) From the figure tanc = . —o|?

y

g
y/x| and O = . Then arg (z) =tan™ [v/ . * M

{4
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¥y
Plx, y)
(i1) z=x+ iy, zlies in second quadrant (x <0 and y> 0) From the figure tan o .
= |y /x| and © = n — . Then arg (2) = 7 — o, where « 1s the acute angle |yl = o
given by tan™ [y/x]. Bl Ol
Y
Y
(i) z =x =+ iy, z lies in third quadrant (x <0 and y <<0) From the figure tan ¢ = /[
/x| and 8 = (n—a) = —m + o Then, arg (z) = & — 7 where « is the acute | e M - O > x
angle given by tan o= [y/x|. =~
P(JC, y) yr
¥y
(iv)z=x+ iy, z lies in fourth quadrant (x> 0 and y <<0) From the figure tan o
=|y/x and 8 = —a. Then arg (z) = —o, where « 1s the acute angle given by y M,
tan o =[y/xl. ONg=
Plx, y)
yﬂ
¥
N
(v)z=x+ iy, z lies inx-axis (x =0 and y> 0) From the figure tan o = |y / x| P(O + ib)
and 8=7/2. Then principal value arg (z) = /2. B - ml .
A 4
¥
h
(vi) z =x + iy, z lies in negative direction of a x-axis (x <0 and y=0) From the A
figure tan & = |y / x and © = . Then principal value arg (z) = 7. < : > X
P{—a + i0)
A\ 4
¥
A
(vil) z=x+ iy, 7 lies in negative direction of a y-axis (x =0 and y < 0) From the
figure tan o = |y/ x] and © = 7. Then principal value arg (z) =—n/2. . - o\
—n/2
| P-ib)
¥
M
(viil) z =x + iy, z lies in positive direction of a x-axis (x> 0 and y = 0) From
the figuretan o = |v/ x and 0 = 0. Then principal value arg (z) = 0. P(a)
< > X
4
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Polar representation of complex numbers, their modulus and amplitude (restrictions on
6R9 and & e 9) .
Let O be the origin and Ox and Oy be the x-axis and y-axis respectively. Let z = x + iy be a complex

number represented by the point P{x, y).

¥y
Draw pAs | Ox. Then opf = x and PAM = y. Join OF. Z :}f(:%
TLetOPberand . XYoOP -0 ¥ vy
. O -
Then x=rcosB and y=rsind rM
LI=Xtiy= 6+ 7smn O
z=x+iy=r(cosO+isinB) ¥

Comparing real and imaginary parts, we get x = rcos8 -.-... ()and y=rsin® ...... (i1)
Squaring (i) and (ii) and adding, we get 7% = x* + y* or, r = m =4
Also, tan = 2
X
Case I : Polar form of z=x+1iy where x~ ¢ and y>0.
In this case, we have O0—q..
So, the polar form of z=x+4# is z=r(cosa+isina)
Case II : Polar form of z=x+1# when x <0 and y>0.
In this case, we have =1 — o
So, the polar form of z=x+iy is z= r[cos(n —o)+isin(m— oc)] =r(—cosa+isina).
Case III : Polar form of z=x+# when x -0 and y<0.
In this case, we have 6=—(n—a).
So, the polar form of z is given by z = r[cos(n —a)+ isin(—(n —oc))} = z=r{—cosa—isina).
Case IV : Polar formof z=x+iy when x~ 0 and y<0.
In this case, we have 8=—a.
So, the polar formof z1s z= r[cos(—oc)+ isin(—oc)] = r[cosoc— isin oc].
Euler’s Form of Complex Number :

® —cosB+isind

i
¢
Any complex number can be expresed as z=x+ 7y (Cartesian form)
= |z|[c0s 0+isin 9] (polar form) = |z|eie
Product of Two Complex Numbers :

Let two complex numbers be z = |zl|ezel and z, = |22|8192 . Now, zz,= |zl|ezel x |22|8192
B i(6,+6,) .
= |zl||22|e TR = |21||22|[cos(91 +0, )—i— len(B1 + 0, )J

Thus,

zlzz|: |zl||zz| arg(zz,) =0, + 0, =arg(z )+ arg(z, )

o www.unskooler.com



=
JnsKoole
[Complex NI e For 11T / JEE

CHASING INFINITY...

(J Division of Two Complex Numbers :

7E 4l
f|22| and arg Z :Gl—ez:afg(%)—afg(zz)

al

Logarithm of a complex number is given by log, (x+iv) = log, (|z|e‘ie)
=log, |z|+ log, €° =log, |z|+ B=log, (x2 + yz) +iarg(z)

o log, (z) = log, |z|+ farg( z)

|Concept Illustrator )

Qu. Express (\/j;’ —1 ) in modulus-amplitude form.
Sol. Let z:ﬁ_;

It |z| =y and amp z— O(-—n<6<m) then, the modulus-amplitude form of zis z=r(cos 0+ sin0)

Now,

2= (\/§)2+(71)2 _Ja=2

Again, in the z-plane, the point z= 3-i= (\E - 1) lies in the 4th quadrant ; hence, if amp z =g
-1 —q; -1 -7
then, tan0=— where —<0<0 . tanO=—==tan| —
2 V3 6

NE)

-7 n
L O=— or,amp z=—
6 6

.. modulus-amplitude form of z= (\/37 - 1') is,

-n) . (-m no..m
= 2[005{?]+151H[?H [putting the values of ¥ and ¢ in (1)] :2[0055151113}

Properties of Argument

: . z
() arg(zz,)=arg(z )+arg(z,) (i) arg[z—lj =argz —argz,
2
(iii) arg[gj =2argz (iv) arg(z" ) =narg z

(v) If arg{z—lJze, then arg[z—1]:2kn9 where <]

a %]

(vi) argZ=-—argz
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|Concept Illustrator )

Qu. Find the argument of z=-3-3;

_—3 = mitan M= m+ T_ ﬁ ( z lies in 3" quadrant)
4 4

Sol. Arg. of z=tan_1[

B Triangle inequality, Properties of Modulus, Geometric significance of Modulus, Properties
of amplitude :

In triangle OAC

OC <04+ AC B(z) Clz4z,)

04 <AC+0C

AC=0A4+0C 1o

Using these inequalities we have “zl |— |22” < |z1 + 22| < |z1 | + |22| o .

Similarly from triangle OAB, we have “zl |— |22” < |z1 - 22| < |z1 | + |22|

(1) ||zl|f|22||: |21 + Iy, |7 722|: |zl|+ |22| iff origin, z and z, are collinear and origin lies between z,

and z,.

(ii) |z1 +22|:|zl|+|z2

21|—|22||:|zl —22| iff origin, z and z, arc collinear and z and z, lies on the

2

same side of the origin.

|Concept Illustrator )

Qu. If z and z, be the two complex number so that |z1 + 22|£|21|+|22|
Sol. Let z =7#(cos®, +isin®, ) and z, = r,(cos O, + isin 6, )

|zl|:r1 and |22|:1'>‘2

then, z) + z, = (cos 0, + isin O, )+, (cos 6, + isin O, )

=(7co80, + 7,080, )+ (7 sin 6 +r,8in 0, )

e+ 22|2 =(rcos6, +r,c086, )2+(r1 sing; + 7, sin82)2

=1+ 75 + 257, (c0s 0 cos O, +sin0; sin 0, )

=+ 75+ 2rreos(0) - 8y )= i s+ 2Rn [ cos (6 —GZ)SIJ

=(5 +r2)2 or,

21+22|£r1+r2 |:'."zl+22

, positive formula 5 and rz]

as a4 ||
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L 2 Conjugate of complex number, Properties of conjugate and its geometric significance :
For complex number z=x+#, (x, y)e R, its conjugate is defined as Z=x—#y. Clearly, z=x+ iy
is represented by a point P(x, y) in the Argand plane. Now, z=x+iy =7 =x—iy=x+i(-y)
So, 7 is represented by a point Q(x, — y) is the Argand plane. Clearly, Q is the image of point P on

the real axis.

Thus, if a point F represents a complex number z, then its conjugate = is represented by the image of
P on the real axis.

It is evident from the following figure that |z|=|z| and arg(Z)=—arg(z).

z P(z)

£ |

’;D

g

E 5 .
3 X

o — 6 Real axis !

vdeeeeen

Also, we have Re(z)= (Z;Z) and Im(z)= (22_3) . Thus if z= |z|e‘ie, then z = ‘z|eiie.
')

Conjugate of a complex number z=a+ib 1sdefinedas 7= 4 jp.

Forexample, ;=4 +5; and =4 5;

Properties of Conjugate

L (z)=:z 2. z—7 ifand only if z is purely real
3. z- _z ifand onlyifzis purely imaginary 4. z+7=2Re(z) and z=2 =2iIm(z)
S. z+z5,=3+5 6. z-2,=3-7,
== al_a
7. 212y =Z.Z4 8. {ZQJ 225 ZZiO
9. If z=f(z), then E:f(Z) 10. (Z"):(f)n

11. zZ,+7z, = 2Re(ZFz,)=2Re( 27 )

The complex number a+ib
c+id

in the form A4+ B

a+ib _(atib){c—id)
c+id (c+z'd)(c—z'd)

We have,

[Multiplying the Nu. and the Dn. by the conjugate of the Dn. ]
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B (ac+bd)+z'(bc—ad) _ac+bd  bc—ad

= = i
ct+d* ct+d? ct+ d?
= A+iB, where A:% and B:M_
F+d N

|fmportant remark |

To put the complex number axib in the for 4+ ;5 we should multiply the numerator and the

CcH+i
denomiantor by the conjugate of the denominator.

Equation of different geometrical figure in terms of complex :

Equation of Staraight Line :

z z 1
. . . Co z—zy Z-74 -
Equation of straight line through z and z, is given by =— oz 7 1I=0
-z I,— 3 _
Z, Zp 1

The general equation of straight line is z{Z, —Z, ) - Z(z, — 2, )+ %, — 2,7, =0
Condition of collinearity :
(a) Three points z,, z, and z, are collinear if,
7z 7 1
z, 2z, 1|=0
A |
(b) If three points A(z,), B(z,), C(z,) are collinear then slope of AB = slope of BC = slope of AC

Z —Z Zy — Z 2 —Z
:>1 2 _ 2 3“7 3

-5, LI 5%
Equation of the perpendicular bisector :

The equation of the perpendicular bisector of the line segment joining points 4(z ) and A(z, ) is

A7-R)rE(a - 2)= |21|2*|22|2
Length of perpendicular :

The length of perpendicular from a point z, to the line 7z + 47 + b = 0 1s given by

|Ezl+ aEl+b| |Ezl+afl+b|
2
2[a

o+ i
Equation of a circle :
The equation of a circle with centre z, and radius 7 is |z -z | =r.

The general equation of a circle is zz + oz + @z + b — 0, where b is a real number and a is a complex

number. The centre of this circle 1s “—a” and its radius is gz — b.
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(i) If the centre of the circle is at origin and radius r then its equation is |z = r.
(i) g — z,| <r represents interior of a circle [z—z | =r and |z — z | > r represents exterior of the circle

z—-z)|=r
|Key Results to Remember |
z—1z

=k isacircleif  +1 andisalineif k=1

Z—2,

2. The equation |z -z |2 +]z- 22|2 =k represents a circle if & > %|z1 -z, |2

3. Ifarg {(22 B )(21 _ 24)} =+m, 0, then the points 2, 22, Z3, 24 are concyclic.
(a—z)(22- 2
4. |zf Zo| <y represents interior of the circle |z— zo|: r and |z— 20| >r represents exterior of the
circle |z - Zo|: r.
€ IEquation of Ellipse :

If |z -z | + |z - 22| =2a, where 2a > |z1 — z,|, then the point z describes on ellipse having foci at z

and z, and g R,
€ Equation of Hyperbola :

If |z - Z1| - |z - 22| =2a, where 2a < |z1 — z,|, then the point z describes a hyperbola having foci at

z and z, and aeR".
® Some Properties of Triangle :

. . . . 5 +zZ,+z2
1. If z,2,, z; are the vertices of triangle then centroid z, may be givenas z, = %
2. If z, z,, z; are the vertices of an equilateral triangle then the circumcentre z, may be given as
2,2, .2 a2
I+ 25+ 73 =35

3. If @1, 23, 73 are the vertices of an equilateral triangle then 2% + 25 + 27 = 2,2, + 2,2, + 2,2,

1 N 1 N 1 0
or, =0.
HTEy LTI5h 3T4

4. If z, 2, z3 arc the vertices of an 1sosceles triangle, right angled at z, then 212 + z% + 232 =2z, (21 + 24 )

5. If 7,2, z; are the vertices of right angled isosceles triangle then ( z) — 2, )2 =2(z-5)(z-2)
Rotation theorem (Coni method), Problems on Coni Method :
1.e. angle between two intersecting lines.

Let z, z, and z; be the affixes of three points A, B and C respectively taken on argand plane.
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Then we have AC = z;—z and AB=z,—z
and let argﬁzarg(%—zl):e & argﬁzarg(zz—zl):q)

Let ~CAB=w

"+ SCAB=a=0—¢ —arg AC —arg AB —arg(z; —z )—arg{z, — z;) :arg{z

or, angle between AC and Ab= arg( affix_of C—affix of 4 ]

affix of B — affix of 4

For any complex number z we have z = ‘z‘el(argz)

-2 -2 4 Zy— 2

. 34 ,| 3 1| i 374

smularly[ ] e {arg j
D274 D274 373

-5 _ |23 _Z1| AECAB) ﬂem
Z— 3 |22_21| AB

or,

Note

Here only principal values of the arguments are considered.

Z— =z
arg ( zl ~ 22 j =9, if AB coincides with CD, then
174

- -2, .
arg| L2 |=0 or,+ 7 so that, ——= is real.
23— 24 374

It follows that if L2

is real, then the points

23— 2y
A, B, C, D are collinear.

If AB is perpendicular to CD, then arg(uj = irg so 122

|Concept Illustrator )

Qu.

Sol.

D

Sz /ﬁ%)

A B
Riz)
e
C

Z3—24

is purely imaginary.

Show that the triangle whose vertices are the points represented by the complex numbers z, z,, z,

1

on the Argund plane is equilateral if and only 1 + 1
I S S|

From Coni method arg a5 |7
Z3-2Zy ) 3

in
Z—Z AB +
) - I 23
Z3—z, BC

+

H— 2

=0.
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M
(ii)

M

Sloed (2 (~CA=4B)

from (1) and (2) we get

A-5h AT 4h Alz)
BTh 27 Aa
2 /3
= (21—22) +(z3—zl)(23 —22):0
n3 3
=zl 42+ zs — 252y — 2,2, — 237, =0 B(z) Clz)
S5 =2 2= 5 )+ {25 (-2 )+ (5 -2)(5)—2,)=0 .. (3)
g . 1 1 1
Dividing equation (3) by (z, — 2z, ){ 2, — 23 )( 23 — 7, ) then we get + + =0

D3—8 HTEIy IR

It follows that if z —z, =+k(z;—z,), where k purely imaginary number, then AB and CD are
perpendicular to each other.

If z,, z,, z, are the affixes of the vertices of a triangle ABC,

discribed in anticlockwise sense, T
Cilz,)
D —Z ; 1 —Z z—Z
then (| L 2|) & = (| L 3|) or, amp,( 13 ]oc ZBAC B(z))
Z—=2 Z—2 Z—z
1722 1723 1722 Alz)
T -7 Z— 2 . . . >x
Note, when o =—, or, —, then ~L—=% is pure imaginary. ] -
2 2 Z) —Z,

De Moiver's Theorem, Proof of De Moiver's theorm :

Statement :
If ne Z (the set of integers), then (cosO+ isin e)” =cosn O+ isinnB

If e (the set of rational numbers), then cos 70+ isinn0 is one of the values of (cosO+i sine)n .

Proof :

When # e 7, we know that ¢° = cos0+7sin0

— (eie)n =(cos0+isin0)" = &%) =(cos0+isin0)" = cos(n0)+isin(n0)=(cosO+isin0)’

@ www.unskooler.com



[Complex Numbers LI MRS D

(ii) Let n be rational number. Let 7 = E, where p, ¢ are intergers and g = 0. From part (i), we have
q

q
{cosp—6+ isinp—eJ = cos({p—eJq}t isin({p—eJq} =cos pO+ isin po
q q q q

1
= cosp—e+ isinp—e is one of the values of (cos p6+ isin pB )q

q q

1
= cosi—+ iSiIlp—e is one of the values of [(cos6+ isin@)p}?
q
. oL
= cos —+ isin ~— is one of the values of (cosB+isind)q
q q

1. De Moiver’s theorem is also true for (cos0—isin@), i.e.,

(cosefisine)” =cosnB —isinnB, because (cosO-7sin0)" = [cos(—e)ﬂ'sin(—e)]n
=cos(—n0)+isin(—n0)=cos nO—isin né.

1

L. -1 L.
2. ——————=(cosO+isin0) =cosO—isin® 3. (sin0+icos6)" = sinnO+icosnb.
cosO4 7sin B

4. (si119+icose)n: cos Efe +7sin Efe =08 Efne + 7sin Efne
2 2 2 2
5. (cos@ﬂ'sinq))n:tcosn6+isinnq)

If # is an integer, then (cos8+isin6)n =cos n9+7sinnd

55
Note (1) If » any rational number, then cos 0+ isinn8® is one of the value of (COS 0+7sin0 )n .

1
(i1) (cos@ﬂ'sin@)fﬂ:cosne—z’sinne (iii)(cos@—z’sine)n:cosne—z’sinne
1

(iv) coseJﬂ_Sme:cos@fisinG v) (si119+ic0s9)” =sinnO+ icosnd

In fact, (Sin@+1'c0s9)” cos(%—n@]+ isin(%—n@}
(vi) (cosB+ising)=(cosnO+isinng)

(vii) (cos® +7sin6, )(cosO,+isind,)....(cos 0, +isin6, )

=cos(0,+0,+....+ 0, )+isin(0; + 0, +...+ 6, )
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(a)
(b)

(c)

(d)

(1)
(1)

(iv)

Qu.

Sol.

Roots of a Complex Number :

11
If z=r(cosB+7sin0O) and » is a positive integer, then z2 = r# {cos[ Zem+ ej+ isin[ 2o+ 6 H
n n

where £=0,1,2,3,..(n-1)

n™ roots of unity and its geometrical significance :

. Imaginary axis
If 1, o, 06y Olg-eeee o, , arethe p, n™ roots of unity, then : A gy
5 o2
) \
They are in GP. with common ratio ¢ " < wll o poal axis
(1,0
Prof +of+--- +oaf | =0 ifpisnot an integral multiple on
n = p if p is an integral multiple of ». v

(1—ay J(1-ay ) -(1-a, )=n and (1+ o) )(1+a, )1+ e, )=0 if nis even and 1 if n is
odd.

I 0y 0y Clg oo o, , =1 or, —1 according as # is odd or even.

Since 1=cos0+isin0

1.n 1 2nr+0 . 2mr+0
(1) +7gin

=(cos0+isin0)n = cos where 7 =0,12,...(n-1)

I I

2nr .. 2mr
:c0s7+ ISIHT where =0, 1,2, ....(n—1)

L 27F
=e " where r=0,1,2,...(n—1)

j2m A z_2(}171):11:

— 5 i2n
=Le”,e?, e " =1o0,0%,..0%

n-1 it
where ao=e

Properties of nth Roots of Unity :

e o 71
lratol+ o t=0 (@) la oot = (-1}

The », nth roots of unity lie on the unit circle |z| =1 and form the vertices of a regular polygon of

sides.

i2m

nth roots of untiy form a GP. with common ratio e ”

Relation between nth roots of unity and problems bases on it :

f1leoe, - , @™ are nth roots of unity, find the value of (5-®){5-® )2 ------ (5 — ™! )

1
Let - (I)E
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))C:_zlz(xoo)(xcoz) ------ (x,mﬂ 1)
— Putting x = 5 in both sides, we get (570))(57032) ------ (Sfco’H): 5n4_1

® C(Cube roots of unity and its geometrical significance :
Let 2= =2 1=0> (zfl)(22+z+1):0

—either z=1or, 22+ z+1=0
143 143 1413 13
z= , Soz=1 ,

2 2 2 2

~1+iV3 113 )
2 2

where w= , and o = . Cube roots of unity are 1, o, ®°.

Properties of Cube Roots of Unity

i) 1+o+0’=0 (i) * =1

.2n —i2n

C .2 _ i
(i) ©"=1 0" =, 0" =’ (V) B=on’ and(m) —w, 0B =0, m=¢ 3,00 =¢ >

(v) The cube roots of unity lie on the unit circle and divide the circumference into three equal parts.
¥y

N
A .
71
Y,
¥
i
> X
O JI
—i
yf

(vi) a+bo+ce’=0=a=b=c ifa, b, ¢ are real.

If 1, &, @ be cube roots of unity and # is a positive integer, then

1+ 0"+ o™ = i )
0, when » is not a multiple of 3

A
/Tg
3, when »is a multiple of 3 X
\
N

Cube roots of unity represent vertices of equilateral triangle on

the Argand plane.
® Some Useful Relations :

(1) x? +y2 :(x+z'y)(x—z'y)

@ 5oy () o) o) s
Gi) -y :(x—y)(x—yco)(xfycoz) _IW

(v) 7 +xp+ yt = (x—yo)(x—yo' ). Inparticular, 1 ¢ v+ 1= (x- o))

(v) x27x+ y2 :(x+ yoo)(x+ yooz), Inparticular, x27x+1:(x+ oo)(x+ coz)

vi) x'+37+ zz—xy—xz—yz:(x+ Yo+ zcol)(x+ yo© + zm)

i) 4+ +2 3oz =(xrp+ z)(x+ Yo+ mzz)(x+ o'y + coz)
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4 Problems on 1, @, @2 and oyl el a3
I o be an imaei b funt oL 11
Qu. o be an imaginary cube root of unity, prove that, 20 lto 2+0
1 B 1 . 1 1 B 1 N 1
Sol. 1726 1r0 2+0 (l1+o)+o l+to 1+(1+o)
o(l+o)-o +1+o° 2
S 2+i2+ 12: (1+o) _rore” [-.'1+a)+a)2:0}
-0 o l-o 032(1,0)2) coz(lfcoz)

2

Qu. (x+ yo+ zm2)2+(xm+ yo© + z) +(xc02 +y+ zm)2 =0.

Sol. 2156 + 2ot )2

2 2
x+ym+zm2) +(xm+ym2+zm3) +(xc-) + Y&’ + zZ0

—

2 232 4 212
X+ YO+ 20 ) +® (x+yco+zco ) +® (x+yoo+zm )

-

(x+yoo+ ZM )2(1+ c02+co) [ 034:(:3}
(x+yco+ zZo ) =0 [‘.‘1+c0+032:0}
0

i592+ 590+ f588+f586+ 1-584

Qu. The value of ~1is
587 580578 576 54

(a)2 (b) =2 () 1 (d) -1

ilO(i582+i580+1-578+I-576+1-574)

Sol. (b) Grven expression = 8T 50, 578, 576, 5 -1

:;-1071:(12)571:(71)571 —o1-1=-2.
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Short Cut Technique

**  Complex number as an ordered pair : A complex number may also be defined as an ordered pair of real
numbers and may be denoted by the symbol (@, b). For a complex number to be uniquely specified, we
need two real numbers in particular order.

% 0=0+ 70, is the identity element for addition.

** 1= 1+{0 is the identity clement for multiplication.

+** The additive inverse of a complex number z = a + b is —z (i.e. —a — ib).

. e 1

*%* For every non-zero complex number z, the multiplicative inverse of zis —.

z
% | z| 2 Re()| > Re(z) and | z|=|Im(z)|=Im(z)
Z - . .
X B always a unimodular complex number if z = (
% |Re(2)[+ |Im(2)] 42| 2|
\/

oz l-lzl=la+z (=g ]+ 2]

** Thus|z| +| z,| isthe greatest possible value of | z, +z,| and || z| —| z,|| isthe least possible value
of |z + 2z, |

1 . va®+4 —a++va®+4

o If +;‘: @ the greatest and least values of | z| are respectively ar ';1 % and —&° ; Aidy

% f2 2 2 2

W o+ —nltln-ya - Elatn+lg -2

W0 Kz=z2, o|z|=|z| orarg z,= arg z,

X8 |z1 +z, |:| Z |+ \zz| <> arg (z,)= arg (z,) 1.e., z; and z, are parallel.

» |z1 +z, |:| Z |+ \zz| < arg (z,)- arg (z,)=2nx, where n 1s some integer.

D 2 —zy =z |—| 2 || <& arg(z)) —arg(z,) = 2nn where n is some integer.

\/
** |21+22|:|21722|<:> arg (z)—arg (z,)==i2 .
% If| z|<l) z,| <l then
(W) |z, +2) (2]~ +(arg GD- arg 0. () |z +2, 2|z, ]+]2]f - (wec)-age,)) .
o 2 2 2
*%* |21+22| :|Z1| +|22| + 2|7 || z, [cos(8; —8,).
o 2 2 2
“ |z -z =|al |z -2z 2 |cos(8;, - 6,).
5 If) zy|= z,| and amp (z;)+ amp(z,)=0, then z, and z, are conjugate complex numbers of each other.
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s . . . i L . ¥ R
Multiplication of iz Since z = r{cos 6 + isin &) and i = [005 5 tism 5} then == {005(2 + 9} + 15111{;* QH
Hence, multiplication of z with i then vector for z rotates a right angle in the positive sense. i.e., to
multiply a vector by — 1 is to tumn it through two right angles. i.e., to multiply a vector by (cos & +isiné) is
to tum it through the angle @in the positive sense.

21

Zz

If z; and z, are two complex numbers then | z; z,| = »r; arg(z;z,)=0, +0, and

z
[_1}_ % =% and where | z11= 7 2, = ry,arg(z,) = 0, and arg(z,)=0,.

Zz

. . . .1
The area of the triangle whose vertices are z, iz and z + iz is 5' H

. . . . 3
The area of the triangle with vertices zwz and z 4wz 18 §| z.

If z,.z,.z; bethe vertices of an equilateral triangle and :z, be the circumcentre, then z2 + 2% +22 =322,

If z,.z;.25....z, be the vertices of a regular polygon of n sides and z,be its centroid, then
22wzl zi=
If z,,z;,z; be the vertices of a triangle, then the triangle is equilateral iff
(2, 2,07 + (3, —25)" +(z5 — 2, =0

1 1 1

+ + =0
H—Iy EZ7%Z I3z 4

i 22 =52, 2,2, + 232 or
If z,.z,z, are the vertices of an isosceles triangle, right angled at z, then

27422 122 =22,(z, +3,).

If z,.z,,z; are the vertices of a right-angled isosceles triangle, then (z, — 2,0 = 2(z, -z, )z, — z,).
If z,,z,,z; bethe affixes of the vertices 4, B, C respectively of a triangle ABC, then its orthocentre 1s

a(secA)z, + b(secB)z, + (csecC)z,

asec A+ bsecB + csecC

The equation | z—z,|* +| z—z,|>=k (where & is a real number) will represent a circle with centre

1 .1 . 1
at 5(21 +z,) and radius E\j%—\ z - 2,1° provided k25| -z,

(iZ)=—1z, Re(iz) = —Im(z),Im(iz) =Re(z)
If the complex numbers z, and z, are such that the sum z + z, 1s a real number, then they are
not necessarily conjugate complex.

If z, and z, are two complex numbers such that the product z,z, is a real number, then they are

not necessarily conjugate complex.

Since| z| ' =[Re(z)]* +[Im(z)]’ .therefore Re(z) <| z|,Im(z) < z|

o www.unskooler.com



ﬁ*
Jnskoole

CHASING INFINITY. ..

[Complex Numbers LI MRS D

Solved Example

1 V3. . .
1. If z= 5+ \/2_1 , then amplitude of z (z— 1) is

equal to

st .

) 6

27

C) i d *?

) T .. T
Solution : Z= —+ —1—=cos—+18in—
22 3

T
Its amplitude = ER

1 3 1 3. on . 2m

z—l=—+—i-1l=——+—1=cos—+1sm—
2 2 2 3 3

- Its amplitude = 2:

. Amplitude of

#{z—1)= Amp of z+ Amp of (z—1)
n2n

=—+ 7

3 3
Answer : (c)

3 1,
2. If Z=£**1,
22

o=z’ -1 1s

2n
a)3

then amplitude of

n
-3 3

Solution : Z=

- Am (zzfl)m—Am cos 2n +isin 2 "
S Amp = Amp E B

ol ) 2

Answer : (d)
3. fz= l%i, then the value of z° . (n=2) is
equal to
a) o2 b) p-n
c) pon d) o2

A2

2 1+1

Lo gml gng oIt 20
Solution : z2 =z 7(2) {( 5 )}

22
Answer : (a)

4. If x, y are real and 3/x +iy = 3+ 2i, then the

lue of —+ > is equal t
value o 3 2 1S equa 4]

a) 16 b) 18
¢) 20 d)22

Solution : x+ iy =(3+2i)’ =27—8i+54i - 36

= -9+ 46i
SX=-9and y=46

A2 Yo 3423=20
32
Answer : (c)
5.Ifz,=2+3i,z,=3-1 and z, =1+ 2i, then

the simplest value of z, Im(Z, z,) is equal to

(Im z is imaginary part of z)
a)4+8i b) 14-21i
¢)4-8i1 d)14-211
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Solution :

S Zyz,=(3+1)(1+21)=3-2+7i=1+Ti

~z, Im(Z,z,) = (2+ 31) x 7=14+ 21i

Answer : (d)
6. 1t 7= 2250 L ey imaginary, thon th
. | 2igigp spurely imaginary, then the

m
value of g (0<9<5) is

n .
R )
n N
) )
Solution
3+ 2isin® (3+2isin®)1+ 2isind)
Z= =
1-21sm0 1+ 4sin* 0

~ 3—4sin’ 0+ i(6sin6 + 2sin6)
- 1+ 4sin* 0

As 7 is purely imaginary, its real part is zero.

J3

.'.374sin28:0:sin8:i7

=" (Ogegn)
3 2

Answer : (b)

7. If |z+ 4] < 3, then the maximum value of |z + |

is
a) 6 b) 8
¢) 10 d)5s
Solution : \z+1|:|z+4—3|£|z+4\+|3|
<3+3=6

. Required maximum value is 6
Answer : (a)

10

. 2kn . 2km)
8. The value of Z SIHTJFICOST is
k-1

a) 1 b) -1
)1 d)—i
10
. 2km .
Solution : Z (sm T +1¢08

k=1

[Complex NI e For 11T / JEE
10
. 1. 2km 2kn
=1 —8in——+ cos——
Z( 11 11 )

k-1
10 2kn 2kn

=1 cos—— —1sin——
— 11 11

= ie ‘e[1+e 9, +e‘9‘9]

_ —11i6 —i0
B € 10i0 1 ) [e e ]
- - =1 -

e*le o 1 6—18 o 1

. 27 .11 2w
¢ % = cog{ 1157 |~ isin
Now, 11 11

= cos2n—isin2n =1

- Required sum = | =i

e -1
Answer : (d)
9. The value of (i+ \/g)so + (i— \/5)80 +2% s
equal to
a) 2% b)0
c) 28 d) o

Solution : (i+ @)80 = iso(lf ixfg)go

80
_ 230 iso [%_ glJ _ 280(_@)30 _ 280@2

1 3 80
. 80 . .
Similarly, (1— \/3_’) =2% % (EJF —1)
80
= 280[_1_ ﬁl) _ 230(032)80 _ 23003
2 2

- Required value = 230(032 +®+ 1) =0
Answer : (b)
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10. Ifzis a complex number such that |z = 1, then

1+z .

117 18 equal to

a) 1+ 7 b) 1+iz
¢) 7 d)z

. 2
Solution : For any complex number z, 27 = ‘z| The

given expression

1+7 z(1+ z) z(1+ z)
= = = =7
1+z z+zZ z+1
Answer : (d)

11. If |z—8‘:\z—11

, then the complex number

7{=x+1iy) lieson
a)circle
c) straight line

b)ellipse
d) hyperbola

Solution : ‘Z—8=|Z—11H
|x78+iy|:‘xfll+iy‘
or, ()(—8)2+y2:(x—ll)z+y2

o, X’ —16x+64+y’ = x> - 2x+121+y*

or, 6x = 57 . which is a straight line.
Answer : (c)

12. If z=x+1iy and |zfl‘2 —(z—1)* =2.thenx
and y are are equal to
2)0, 0
¢)0,2

Solution : |z 1" —(z-1)* =2

b) L+ 1
1,2

or, [x— 1+ iy‘2 —(x-1+ iy)2 =2
or, (x—l)z-s-y2 —{(x—l)z—y2 +2i(x—1)y}:2

or, 2y* - 2i(x — L)y =2

or, 2y2 :2:>y:i].
and 2(x—1l)y=0 =>x=1 (vy==1)

Lx=1 y=+1
Answer : (b)

13. If z is a complex number and ‘Z+ 3+ 4i‘ =8,

then maximum value of ‘z +9+ l2i‘ 18

a) 10 b) 14
¢) 16 d)18

[Complex Numbers LI MRS D

Solution : |z+9+12i|= ‘(z+ 3+ 4i)+(6+ Si)‘
<|z+ 3+ 4i|+ |6+ 8i

=8++v30+64=8+10=18

Answer : (d)

14 If ®is cube root of wunity and
@2 % _ 1, thennisequal to
a)3k+2 b)3k+1
¢) 3k d) none of these
wherek=0,1, 2, ......

Solution : »*° + " =_1

(3x86+1)n _ 1

3x86+1
oL 7" + @

86n
3) ot=-1

or, (m3)86m+(m
or,w tow'=-1
('.'co+c02 :,1)
~n=3k+2,k=0,1,2
Answer : (a)
15. If |z—2+3i|= 0, where z = x + iy, then x and

y are respectively equal to
a)2, -3
¢)—-2,-3

Solution : ‘x —2+(y+ S)i‘ =0

b) 2,3
d)2,3

or, (x=2) +(y+3)" =0
Ax-2) 4 {yr3)—0 > x=2&y=-3
Answer : (a)

16. If ©’ =1 and o’
Argand plane, then Arg(w)is equal to

lies in 3rd quadrant of

i e
) 73 )3
2n e
93 ) 3
3.
Solution : Here w* :———£1 and
2 2
1A
22

27 .. [ 2n 27
ie. ®m=cos — |+isin| =— | .. Argm=—
b (3) [3) 2073

Answer : (b)
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17. If 7= cosd +1isin0. then cog261s equal to

Z+Z 7227
b
) = )5
P 2 =2
z- -7 75+ 7z
d
9 )
Solution :

7% = (cos9+ isinE))2 =cos’— sin” 0 + 2isinOcosO
=cos 20 +1sin 20

72 :(cose—isin8)2

—cos? B —sin’ B—2isinBcos O
=cos 20 —1sin 20

Zh+ 7 =2 cos 20

2 =2
- cos20 =2 ; z
Answer : (d)
18. The point z=x+ iy lies in the 3rd quadrant of
the Argand plane, the argument of © = X0 13_(
-X—1iy
18
a) —m b)0
o
c)nm d) 5
Solution :
Q(—x-1iy)
, 0o <6
X 8
P
(x+iy}

Asx +iylies in 3rd quadrant, xand y are both
—ve. Hence —x — iy lies in first quadrant. Let
ZX'OP =8

X +1y

Arg = Arg(x +1y)— Arg(-x —iy)

—X—1y
=(-m+0)—(0)=—7n Butas -n<Arg<m,
( )-(0) g

required argument = 7
Answer : (c)

[Complex NI e For 11T / JEE

19. If ® is a complex cube root of unity, then the

value of

cos[{(l co)(lf 0)2)+ (17 20))(17 20)2)+.

~(1-100)1- 10@2)}L:|

900
is equal to
0 b)
a) ) )
1 3
c) 5 d) £
2 2
20. If 7z, cosk—n+isinl;—g, Then z,7,7,7, is
equal to
a)0 by1+i
c)l—i d)-1
Solution

n .. 7 2n .. 2m
ZyZyZ3 2, =| COS— +isin— | cos—— +1isin— |x
10 10 10 10

Im .. 3m 4r . . 4n
cos—+1sin— || cos— +1sin—
( 10 10)[ 10 10)

2 3m

[?I 47:) .. (n
=c0§ — +—+—+— |+isin| —+
10 10 10 10 10
= ¢cosSTm—isinm = —1
Answer : (d)

o2 3m 41:)
10 10 10

6 -
21. The argument and modulus of (\/g + 1) 1s

a) m,2° b) 7, 2°
b 7
_:28 d _;23

©) 3 )3

By
. 6 .
Solution : (\/§+1) 26[7+§1)

6
m .. T
= 26{0086+ISIH6} = 26(cosn +isinm)

- Argument = © and modulus = 6
Answer : (b)
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(3+4i)(1-1)(6+8i) .

22. The modulus of - 18
4-3%
a) 10v2 b) 10v3
¢) 10v4 d) none

Solution : [3+4i|=3* +4* =5
-i=vE+1* =2
6+ 8i|= 6" + 8 =10

4-3i|=v16+9=5

5 10
. Required modulus = ><\/_5>< = 10\6

Answer : (a)

80
. 1 V3.
23. The imaginary part of 5—71 is
1 -
a) 5 ) 5
c) fﬁ d) ﬁ
2 2
J l_ﬁl 80(_1)80 _1+£ ®
Solution : = 25 = D
- 3x26+2 _ 2 —l—ﬁi
2 2
3
. The required imaginary part = — g

Answer : (c)

8
A
i sin—-+icos— | j
24. The amplitude of[ 12 12) 1s

2n b2
a3 )73
sn e
" )
Solution :

LT, n\ .g n 1. nY
sin—+1cos— | =1 | cos—+ —sin—
12 12 12 i 12

25,

[Complex Numbers LI MRS D

. Required argument = Y
Answer : (b)

If & 1s a imginary cube root of unity and o, B
are roots of x* —2x + 2 = 0, then the value of

(co(x + 032[3)(0)2& + co[?))(coza + 0)2[3) is equal

to
a)2 b) _4¢?
o) 4 dy-2

Solution : o+ p=2 and apf=2

20.

(co(x + 032[3)(0)2& + co[?))(coza + coZB)

034(0c + co[?))(coa + B)((x + [3)

20(o +op (oo +B)
2@{@203 + Bro+ OtB(l + coz)}

- 2@[@{((1 + B)z - 2(1[3} + OLB(1+ mz)]

= 20)[03(4 74) + 2(70))] — 4t

Answer : (b)

If (x+iy)"” = 4 + 2i, then the value of L. A
2 11

18

a) 13 m o

c) 8 d)16

Solution : (x+iy)=(4+2i)’ = 2%(2+1)’

=88+12i—6—1) =82+ 11i)
-.x=16 and y=88

R A
2 1

Answer : (d)
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27. If i = -1 and @ is an imaginary cube root of
unity, then the value of (i® )(ioa : )(im * )(im ! ) ..

upto 101 terms is equal to
a) -1 b) —w

c)i d)
Solution : Required value = (i )(ioa : )(im } )(im ! ) ..

upto 101 terms —

101x102

+101 1+243+..4101 »4x25+1
=i 2w =1 @

. . . 17x101 |
i OJIOIXSI _ l(wsxnxlm) _ 1(@3) —i

Answer : (c)

28. If 16z* — i= 0, then z can assume the value of
l cosEJrisinE
) 5| %%, 2
l cosEJrisinE ;
b) 5 3 3 ¢)2i
1 )
—(1+1
d) 2( )
ion : 2242i:t:0si+isinE
Solution : ( ) 5 5
1
m .. T\
S.2zZ=|cos—+1isin—
(s visn?)
T .. T
COS§+ 1s1n§ 1s one of the values of 2z.
| mo. . T
Le. 5 cos§+1sm§ 1s one of the values of

z
Answer : (b)

[Complex NI e For 11T / JEE

29. The complex conjugate of
(2+1)(1+2i) .
e A T
(1+i)°

.
a) 5

c)1+3i
Solution :
(2+i)(1+2i)i  (2-2+5i)1 5 5.

1-1+2i 2 2

b)1-3i
d)3+i

(1+1)°

5.
. Required conjugate = — 51

Answer : (a)

30. If (1+14)(2+1i)(3+1i)....(10+i) = A+iB, then

the value of (12 + 1)(22 + 1)(32 + 1)...(102 + 1)

1s equal to

a) A’ - B b) (A+BY

¢) (A-B)’ d) A,
Solution :
(1+1)(2+ 1)(3+1)....(10+1) = A+iB............ (D

Multiplying both sides of (1) and (2)
(1 +1)(27 +1)..(10° +1) = A* + B?
Answer : (d)
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